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A MASS TRANSPORTATION APPROACH FOR SOBOLEV INEQUALITIES 

IN VARIABLE EXPONENT SPACES 

JUAN PABLO BORTHAGARAY, JULIAN FERNANDEZ BONDER AND AN ALIA SILVA 


Abstract. In this paper we provide a proof of the Sobolev-Poincare inequality for variable 
exponent spaces by means of mass transportation methods, in the spirit of [4], The importance 
of this approach is that the method is flexible enough to deal with different inequalities. As an 
application, we also deduce the Sobolev-trace inequality improving the result of HD by obtaining 
an explicit dependence of the exponent in the constant. 


1. Introduction 

The goal of this paper is to show how mass transportation techniques can be applied to prove 
Sobolev inequalities in the context of variable exponent spaces. 

Mass transportation is a subject that originates in the work of Monge in the XVIII century 
(cf. [15]) and was mathematically stated in modern terms in the work of Kantorovich in the 
1940s, [13]. 

This topic has experienced a revolution since the by now classical paper of Brenier in 1987 (see 
mm- It is by now almost impossible to give a complete list of references or even topics where 
mass transportation methods are applied. We refer to the excellent books of Villani H3 US]. 

The application of mass transportation methods to Sobolev inequalities was first made by 
Cordero-Erausquin, Nazaret and Villani in [3], See also m where the trace inequality was 
studied. 

The first inequality that we are going to deal with is the Sobolev-Poincare inequality. 

Given a measurable function p: R n —>■ R such that 
(1.1) 1 < P- := inf p < p + : = supp < n 

(here and throughout the paper, by inf and sup we mean the essential infimum and the essential 
supremum respectively), the Sobolev-Poincare inequality states the existence of a constant C > 0 
such that 

(1-2) ||/||p* < C||V/[| P 

for every / G C'^°(M n ), where p* = and the norms are the so-called Luxemburg norms 
associated to the modular 

Pr{f ) := [ | f\ r dx. 

That is, 

\\f\\p* ■= inf | A > 0: p p * (J^j < 1 j , ||V/|| P := inf |a > 0: p p < 1 j 
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The validity of m for constant exponents p is well-known and we refer to the book of 
Adams, [l] . 

For variable exponents, the validity of (11.21) was established in EIBEHE]- See [6j Theorem 
8.3.1] for a proof. 

The hypotheses on p for (11.21) to hold are, in addition to (II.ID . that p be globally log-Holder 
continuous. See [6} Chapter 4] for the definition of log-Holder continuity. 

Moreover, in [6] Theorem 8.3.1], it is shown that the constant C in (11.21) depends only con 
n,p + and the log-Holder constant of p denoted by ci og (p). 

The proof in [6] is based in Harmonic Analysis techniques. More precisely, they use the 
boundedness of the Hardy-Littlewood maximal function and of the Riesz potentials in variable 
exponent spaces. 

The mass transportation approach to this problem, is more direct and elementary. The only 
technical result that is needed is Brenier’s theorem that asserts the existence of a transport T 
between two probability measures and that this transport is the gradient of a convex function. 
This approach is the same that was used by Cordero-Erausquin, Nazaret and Villani in [4] 
dealing with the constant exponent case. See next section for the details. 

Even though this method provides a more elementary proof of the Sobolev-Poincare inequality 
& the main drawback is that we end up with a more restrictive hypotheses on the exponent 
p. We require that p be differentiable. More precisely, we need to ask for p £ VF 1,s (R n ), for 
some s > n. 

Nevertheless, since the proof simpler, it is flexible enough to deal with other inequalities. As 
an example, in Section 3, we treat the Sobolev trace inequality, 

(1-3) ll/IU.R"- 1 < C1|V/|| Pl Rn 

for every / € C f £°(M n ) with C > 0 independent of /, where p* = and the (Luxemburg) 

norms are defined analogously as before. 

The proof of this inequality in the constant exponent case is classical (see again the book of 
Adams ED- Also recall that mass transportation methods were applied in the constant exponent 
case for the Sobolev trace inequality (11.31) by Nazaret in [16]. Our proof follows closely the one 

in [16] . 

The variable exponent case of (11.31) was proved by Fan in JH3- Here we recover Fan’s result 
and, moreover, by our method we can give the precise dependence of C on the regularity of the 
exponent p that was missing in PI. 


Organization of the paper. After this short introduction, the paper is divided into two 
sections. Section 2 deals with the Sobolev-Poincare inequality (11.21) and Section 3 deals with 
the Sobolev trace inequality (j 1 .3 D . 


2. The Sobolev-Poincare inequality 

As we mentioned in the introduction, the mass transportation approach to the proof of the 
Sobolev-Poincare inequality (11.21) follows the lines of the paper by Cordero-Erausquin, Nazaret, 
Villani [4] . We will point out the differences in the arguments when they arrive. 
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First, observe that is enough to prove (jl.2|) for nonnegative functions / £ C£°(M. n ). So, let 
/, g £ C£°(R n ) be nonnegative functions such that ||/|| p * = ||g[| p * = 1 and dehne the probability 
densities F = f p * and G = g p *. 

According to Brenier’s theorem, mm (see m Theorem 3.8] for a proof), there exists a convex 
lower semi-continuous function p such that 'S/p transports the measure dp = F dx (optimally) 
to du = G dx. 

This implies, in particular, that for all i/) £ L l (du) the following transport identity is valid: 

(2.1) / (i/> o S7p) dp = / t\jdv. 

J it" 

Moreover, the following Monge-Ampere equation 

(2.2) F(x) = G{S/p(x)) det (D 2 A p(x)) 
holds p— a.e., where D A p is the Alexandrov Hessian of ip. See [Hj. 

Let us recall that the Alexandrov Hessian of a convex function p is the absolute continuous 
part of the distributional Hessian of tp and that by Alexandrov’s Theorem, it coincides with the 
Hessian of p a.e. with respect to Lebesgue’s measure. See m Chapter 6]. 

Let us define the exponent 


P* = 


(n — 1 )p 
n — p 


= 11 -- 

n 


P 


Therefore, by (12.11) and (12.21) . 


f g p * dx = f G 1 ™ dx = f (G ™ o Vp)dp= f F 1 n det (D\p) n dx. 

J K n J R n J R n J R n 

Since the distributional Hessian of p is nonnegative (recall that p is convex), it holds that 
D\p < D 2 p in the distributional sense. Thus, by applying first the arithmetic-geometric in¬ 
equality for nonnegative symmetric matrices and integrating by parts we obtain 


f g p * dx < — f 
il" n J R 7 


g p * dx < — f F 1 ri/\ A pdx<— [ F 1 »A pdx = -- 

n n J R" n J R" 


V IF 




• Vpdx. 


So far, the argument has been exactly as in Cordero-Erausquin, Nazaret, Villani’s paper [3] 
where the reader can check the missing details in the arguments. 

Now is where the difference appear since p is not constant. From now on, assume that p is 
smooth and that the bounds (11.11) hold. 

A straightforward computation gives 

-,i—-L\ (n — l)n/ p * log /, 


V F 


-Vp + P*f p *~ 1 Vf. 


(n — py 


So we obtain the estimate 
(n- 1) 


/ 

J R r 


g p * dx < 


n — p + \n — p + 


1 


[ f p * \ log f\\S7p\\Vp\dx+ — f f p -- 1 \Vf\\Vp\dx). 
it" n J R n ' 


We need to estimate the two integrals on the right hand side of the previous inequality. 
Applying Holder’s inequality for variable exponent spaces for both integrals, we obtain 


/ 


f p * I log / || Vy>|| Vp| dx < 2||/ log /| Vp| ||p||/ p * _1 | Vy?||| p / 
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and 

[ / p * -1 |V/||Vv9| dx < 2||V/||p||/ p * _1 |V(^||| p /. 
if" 

Remark 2.1. In this point of the argument, we require that p _ > 1. Nevertheless, since the 
constants entering in the estimates do not depend on p_ as we will see, it can be easily deduced 
that the result still holds for p- = 1. 

The modular giving the norm ||/ p * _1 |V(/?||| p ' can be expressed as 

/ (/ P * _1 |V ^|) P ' dx= [ |Vy>| p 'Fdx= I \y\^' oVp ~^Gdy, 

Jm. n . 7 r " 

where we have used the transport identity (12.11) . This term is completely analogous to the one 
appearing in [3j except that the exponent is not constant and therefore depends on </?. So we 
need to bound it independently of p. 

Let us consider the function p(x) = maxllx^^, |x|( p/ ) - }, where 

(p')+ — sup ~~~[ = iP-)'- 

P ~ 1 

Hence 

/ (/ P *- 1 |V^| f dx< [ rjGdy. 

JR" JR" 

Recalling the relation between the modular and the Luxemburg norm, we prove the following 
result 


Theorem 2.2. Let f £ C'^°(M n ) nonnegative and let p be a smooth exponent that verifies D- 
Assume that ||/|| p * = 1, define r/(x) = max{|x|( p )+, |x|^ p and let 


(2.3) 


a(n,p) = 


n~P+ 

2(n — 1) 


sup ■ 


/ R " 9 p * dx 


max (/ R „ pg p * dy ) (p,) - , (f Rn yg p * dy ) (p,) + 


where the supremum is taken over all nonnegative functions g £ C“(M n ) such that ||<?|| p * = 1. 
Then, the following inequality holds: 

(2-4) a(n,p) < —^—1|/log/|Vp||| p + ^||V/|| P . 

n — p+ n 


This last estimate is exactly the one obtained in [4] with the exception of the logarithmic 
term. Observe that if the logarithmic term is removed from (12.41) then the Sobolev-Poincare 
inequality (11.21) is proved by homogeneity. 

Remark 2.3. It is immediate to see that the term a(n,p) can be bounded below by a term 
depending only on n, p+ and p-. Moreover, since the constant does not degenerate when 
P- = 1 it can be taken depending only con n and p+. 

So, the remaining of the proof will be to bound the logarithmic term by a constant times 
some norm of |Vp|. 

We begin with a lemma. 
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Lemma 2.4. Let f £ C“(M n ) be nonnegative, and p be a smooth exponent such that (O) 
holds. Assume ||/|| p * = 1 and take s > n. Then, 


(2.5) 

where 


( 2 . 6 ) 


[ f P \ log/| p |Vp | p dx < (Ci + C 2 )max{||Vp||?-,||Vp||M, 

J R™ 

Cl = 2max / (C{n,s) diam(supp/)||l SU p P /|| p /||V/||p) ; 


(C(n, s) diam(supp/)||l supp j||p'||V/|| p ) 


C 2 = 


2s(n — 1) 
e(s — n) 


Proof. The proof is rather elementary. Let us split the integral into two parts, one where / < 1 
and the other one where / > 1. First, we have 

J^ K1 y ^ P l log/l P |Vp| p dx < 2||/ p | log /| p 1 { j< 1} ||_£_|||Vj>| p |||. 

Now we need to bound the first norm. Let r := and observe that r_ > 1. Observe that 

s—p 

if / < 1 one has the control f\ log f\ < e _1 < 1 and so 


niog/r < r~ i log/r = /(r-'iiog/n < c(r_)/, 


where 


C(r_) = 


r_ 


< C(n , s). 


,e( r - ~ 1), 

Hence, by Poincare inequality in L 1 and Holder inequality for variable exponents, 

I f r \\ogf\ r dx < C(n,s) [ f 
J{f< 1} it” 

< C(n, s)2diam(supp/) / |V/|dx 

Jr™ 

< C(n, s)4 diarn(supp /) 11 l supp /1| p /11V/1| p 

On the other hand, it holds 

|||VpH| f <max{||Vp||5-,||Vp||M 

and therefore 

[ f p \logf\ p \V P \ p dx <C\ max{|| Vp||f-, ||Vp||f+}, 

J{f< H 

where C\ is dehned according to (12.61) . 

Now, for / > 1 we write 

/ p iiog/i p = r (/ 1 _ "iio g /i) p . 

Then, if r > p it is immediate to check that, 


/ 1 p I log/| < Z 1 ( p } | log/| < 


e((P--l) 


= : K (r,p). 
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( 2 . 8 ) 


In consequence, we obtain 

[ f p \logf\ p \Vp\ p dx < K(r,p) [ f r \Vp\ p dx 
J{f> 1} J R" 

<2K(r,p)\\r\\^\\\Vp\ P U, 


and if we take r = p*( 1 — f), which verifies r > p since s > n, it follows that j ^ = p* and so 


11 / 1 ^- = 1 - 
s—p 

Observe that by our choice of r we actually have that 

K(r,p) < C 2 . 


Therefore, from (12.811 we obtain 

(2.9) [ f p \ log f\ p \Vp\ p dx < C 2 max{||Vp||f-, llVpIlM. 

•!{/>!} 

Putting together (12.71) and (12.911 we conclude the desired result. □ 

Remark 2.5. An immediate consequence of the previous lemma is that the Sobolev inequality 
holds if p satisfies the condition 

(2.10) max{||Vp||?-, ||Vp||?+} < <5, 

for some 5 > 0 small enough. 

In fact, (12.411 and (12.511 will give 

(2.11) a(n,p) --— (C 2 5)7+ < C{ + max{||Vp||§-, ||Vp||§+}^+ + — ||V/|| P . 

n — p + n 

So, by Remark 12.31 we can choose 5 = 5(n,p + ) such that, if supp / C Br, 

0 < D{n,p + ) < ^B(n,p+, R, s) max / ||Vp||f + , ||Vp|| s | + C(n,p + )^j ||V/[| P , 
and the general inequality for all / € C“(M n ) follows by homogeneity. 

Condition (12.101) is by no means restrictive; indeed, it is possible to obtain the inequality for 
any exponent by means of a scaling argument. Given any measurable function / on and 
k > 1 consider the function fk(x) = f (f). Then, the following lemma holds 

Lemma 2.6. Given f E C^°(M n ) nonnegative, p a smooth exponent satisfying in]) and r > 1 
constant, we have 

n n 

(2-12) A:^||/|| p .<||/ fc || p j<A:^||/|| p . 

n _-| n _-| 

(2-13) k*+ ||V/|| P < ||V/ fc || Pfc < k*- ||V/|| P 

k- p ++T\\\Vp\ P \\ r < |||Vp fc H|r < k- p - + T\\\Vp\P\\ r 


(2.14) 
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Remark 2.7. Since p *-+ p* is monotone with respect to p , it follows that p*_ = (p~)* and 
therefore, by m, that p*_ > 1* = So in Lemma 12.61 the following upper bounds can be 
obtained 

(2-15) WfkWpi < fe n_1 ||/llp* 

(2-16) l|V/|| Pfc < k n ~ l \\\/f\\ p 

(2-17) |||Vp fc |»||.<*:- 1+ ?|||Vp|* , ||. 


Proof. We will prove inequalities (12.131) . Inequalities (12.121) follow in the same way. Take p > 0, 
then 


(™) 


Pk 


dx = 



Recall that k > 1, so that 

f ( |V/| 


. Pk 


/ \ i—— 

\pk p + . 


dy < 


m ** 


IV/I 

.P^~~. 


dy. 


-1+-S- 


Then, choosing p = ||V/|| P A; p + , we obtain that 


-1+7 


Analogously, it holds that 


HV/fcllp* > ||V/||pfc lp + 


IIvmu < ||vp|| p fe“ 1+p - 


□ 


Now, in order to prove (12.141) . observe that 

[ \Vp k \ Pkr dx= I \V P \ pr k n ~ pr dy. 

J R 7 * J R" 

As before, 

[ \Vp\ pr k n ~ p + r dy < [ \V Pk \ Pkr dx< [ | V P \ pr k n ~ p - r dy 

J R" J i" Jm. n 

Inequality (|2. 141) follows easily. 

Remark 2.8. As observed before, the constant a(n,p) can be bounded below by a constant 
depending only on n and p + . Therefore, since (p k )+ = P+, it follows that a(n,p k ) is bounded 
below independently of k. 

Remark 2.9. Take 5 in (12.111) so that the left hand side is . Since (p k )+ = P+, from (12.111) 
we have 

< eg m ax{|||Vp fc ||J+, ||Vpfc|| s } + — 


(2.18) 


2 
























J.P. BORTHAGARAY, J. FERNANDEZ BONDER AND A. SILVA 


C\m = 2 max j ^C(n, s) diam(supp f k ) ||l supp f k \\ p > 
C(n,s) diam(supp/ fc )||l supp f k \\ p > 


II V/ fc || 


Pk 


-PkJ_ 


ll/fcllpj 

IIVMU ' 

IIMk 


-Pk 


for all fk £ and k £ N such that p k verifies condition (12.1011 . 

However, since s > n it follows that — p- + j < 0 and so, by (12.141) there exists &o = 
ko(5,n,s, |||Vp| p || s ) such that p k verifies condition (12.10|) for every k > k q. 

With all this preliminaries we are now in position to prove the main theorem of the section. 

Theorem 2.10. Assume that Vp £ L s ( R n ) for some s > n. 

Then, the following Sobolev-Poincare inequality holds 


(2.19) ||/|| p . <C(n,p + ,R)||Vp||J^+W<! ||V/|| P ( ’’ J+ , ||V/||P^ 


1 

P+ 


+ C'(n,p + )||V/|| I 


for any f £ such that supp / C Br. 


Proof. We have already proved that the desired inequality holds if max{||Vp||? , ||Vp||? + } is 
smaller than a fixed constant. 

Now, by (I2.14P and the fact that s > y-, for any p under our hypothesis we can fix k > 1 large 
enough so that the Sobolev inequality holds for the exponent p k . More precisely, it is enough to 
consider 


( 2 . 20 ) 


k = max < 1 


max{||Vp||S ,||Vp||S + } 


where 5 is as in Remark 12.91 so that if max{||Vp||f , ||Vp||s + } < 5, no scaling is needed. In this 
case, recall that the Sobolev inequality is just (12.111) . 

Let us now suppose that max{||Vp||s _ , ||Vp||? + } > <5. Given / £ C'^°(M n ) nonnegative such 
that ||/||p* = 1, the application of (12.121) . (12.131) and the Sobolev inequality (12.18(1 for p k yield 


< C{n,p+,s)k a ( n ’ p +^ 


max < (diam(supp/)||l supp /||p/||V/||p) ^ , 


(diarn(supp /)11l supp /1| P '11V /1| p ) '■* PJ 

+ fe^( n,p+ )—||V/||p. 


1 

P+ 


max{||Vp||f-, HVpIlM 


n 


Combining the previous inequality with the election of k we made, we can easily conclude the 
theorem. □ 






























SOBOLEV INEQUALITIES IN VARIABLE EXPONENT SPACES 


9 


3. Trace inequality 


In this section we show the flexibility of mass transportation methods in dealing with Sobolev- 
type inequalities for variable exponents, applying the same type of arguments to the Sobolev 
trace inequality ([1.311 . 

This method in the constant exponent case was first employed by Nazaret in m where, in 
addition, the author was able to compute the exact value of the optimal constant along with 
the extremals answering positively to a question raised by Escobar in [9]. 

Our arguments in this section follow closely the ones in m until some point where some new 
terms appear, due to the non constant nature of the exponent. 

So, consider /, g £ C'^°(R n ) nonnegative be such that such that F := f p * and G := g p * are 
probability densities in R" and proceeding in the same way as in the previous section we obtain 

1 


f g p *dx< — F 1 »A ipdx, 
J R" n Jr™ 


n Jr™ 

where A ip stands for the distributional laplacian of the convex function ip such that Vy? transport 
the measure dp = F dx |_r™ into dv = G dx |r« . 

For technical reasons, it is convenient to subsitute cp by a if) = (p-e-x, where e = (—1,0,..., 0) 
and since both functions <p and ^ have the same laplacian, after integrating by parts the following 
estimate holds 


/ 

Jw 


1 


n Jr™ 


g p * dx<-~ I V (F 1 -™ ) • VJidx - - 


1 


F 




dx' -|— 


Since \/ip € R”, it follows that V 99 • e < 0 on 

1 


n Jr ™- 1 
P _1 , so 


n Jr ™- 1 


F 1 n \7ip ■ e dx'. 


/ 

Jr t 


g p * dx <-- I V 
n Jr™ 




F 1 ™dx'. 


n Jr ™- 1 


Up to know it is exactly the same as in Nazaret’s paper M- See that paper for the details. 
Now is where the differences arise. 

Proceeding as in the previous section we can estimate the first integral in the right hand side, 
1 


V 


n Jr™ 


[f 1 ») -V -i/}dx< (^(C(n,p + ,s,R)\\\/f\\^ + ’ s) + C(n,p+,s)) max{||Vp||f-, ||Vp||f+} 


+ C(n,p + )\\Vf\\ PtRl max 


fjG dy 


1 

wu 


fjG dy 


(p')+ 


where ? ){y) = r/(y — e) = max{|y — e|^ p )+, | y — e|( p ^“}. 

Then, we reach the key estimate 
(3.1) 

[ f p * dx' < ((C(n,p+, s, R)\\V f\\^f + ’ s) + C(n,p + , s)) max{\\Vp\\ p - ,\\Vp\\ p +} 

./TCPn-l V + 


+ C'(n,p + )||V/|| P)R n ) max 


f]G dy 


i 


fjG dy 


Jw 


g p * dx, 


which is valid for all f,g£ C£°( R n ) nonnegative such that 


P jJP 


= IlffllpyR" = 1- 
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Now, we denote by 

/ 3(n,p ) = sup- 

max 


9 p *dx 

(/ Rn ijG dy) , (f Rn fjG dy) W | 


where the supremum is taken over all nonnegative g £ C'?°(R r! ') such that ||<?|| P *,R" = 1. 

So, if we assume that max{||Vp||* _ , ||Vp||f + } < 5 for some 5 < 5(n,p + , s), namely C(n,p + , s)S < 
^/3(n,p), then 


G(n,p+, s) max{|| Vp||§-, || Vp||f+} max 


riGdy)^ : ( f fjGdy) 1777 ]-^ [ g p * dx < 0, 
/ \JR" J A J R" 


for some g £ C%°(M. n ) nonnegative with ||^||p*,M"- = 1- Observe that at this point we require 

p_ > 1. Therefore, for such g we have 

(3.2) 


F* dx' < C(n,p+, s, R) max{||Vp||f-, \\Vp\\ p s +}\\V f\FF p+ ' s) +C(n,p + , s)||V/|Lr™--B( ra,p), 


where B(n,p ) > 0. 

The argument for a general exponent will be just as in Theorem 12.101 so without loss of 
generality we can assume that (13.211 holds. 

Now, the Sobolev trace inequality (11.31) follows from (13.211 using the same scaling arguments 
as in m- We sketch these arguments for the reader’s convenience. 

Assume first that ||/|| p Rn-i > 1, the other case is completely analogous. Then, from equation 
m, it easily follows that 





where supp/ C B r, C\ 
and 


C 1 (n,p + ,s,R), C 2 = C 2 (n,p + ,s ), a = a(n,p+,s), 


Q(f) 


/r-i F * dx ' 

l|V/||?* )+ 


B 


B(n,p + ,p _) 


Equivalently, considering t = , 

Q(f) < (C!t a + C 2 t - B ) t~^+ =: h(t). 


Now, it is easy to see that h(t) is bounded above for t > 0 for some constant depending on 
C\, C 2 ,B , a and p + which in turn depends on n,p + , s, || Vp|| Sj R" and R. 

We conclude that there exists some C(n,p + ,s , ||Vp|| s> R^ , R) > 0 such that 

[ F*dx'<C\\Vf\\^ n + 

for all / £ C'“(M n ) satisfying ||/|| p *,r™ > 1. 

Analogously, if / £ C'^°(M ri ) is such that ||/|| P *,R" < 1, it follows that 

I f p *dx'<C\\Vf\\^-. 

JR "- 1 + 
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Summing up, we have proved the following theorem. 

Theorem 3.1. Let p be an exponent satisfying 1 < p- < p+ < n and |Vp| G L s (Wf ) for some 
s > n. Then, there exists some constant C = C(n,p+,p-,s, ||Vp|| Si R« , R) such that 

ll/|lp.,R»-l < C'HV/Hp.Rn, 

for every f G C^M”) such that supp/ C Br. 
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